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MACFAKLANE'S ALOEBEA OF PHYSICS.* 

By Prof. E. W. Hyde, Cincinnati, Ohio. 

Before entering upon a careful consideration of Professor Macfarlane's 
paper, I wish to express my hearty appreciation of the skill and ability shown 
by him in the development of a method of multiplication so interesting from 
an algebraic point of view, as well as in his analysis of the fundamental prin- 
ciples of the subject. The weighty objections to the system of Quaternions as 
developed by Hamilton are well and strongly stated, and the Author seeks to 
develop a system which shall possess what he regards as the advantages of 
Hamilton's without its drawbacks. The recognition and separate treatment of 
products and quotients of vectors as things essentially different is certainly a 
great improvement over the quaternion treatment. 

The opening sentences of the paper appear to indicate that the Author has 
been partly moved by a desire to vindicate the work of Hamilton and Tait 
against those who have asserted the superiority of Grassmann's system. 

The Author claims to have devised " a more complete algebra which unifies 
Quaternions, Grassmann's Method, and Determinants, and applies to physical 
quantities in spaceP It is proposed to examine this claim somewhat in detail. 
As to the last specification, there is no doubt of the fact ; the only question is 
as to relative superiority of the different systems. 

The defect asserted with regard to Grassmann's system is that in it we do 
not have a complete distributive product, because the product of identical 
factors is zero.t In ordinary algebra we have (« + 5 + c) (a' + 5' + c') = aa' 
+ ab + ac' + ha' + W + he' + <?«' + cb' + 'cc' , and we should have a similar 
result in directional algebra. 

But do we not have that very thing? Let a, /9, ;', a', ^, y be. any six 
vectors ; then by the Ausdehnungslehre {a -\- ^ -\- y) (a' + /3' + Y) = "*'' + "i^ 
+ ay -\- ,9a' -{- /S/? -|- /9-/ + T'^' + Tp' + TT , precisely as in scalar algebra,. and, 
in general, none of the partial products is zero. Now suppose the quantities 
a, . . . ,d , to vary continuously according to definite laws ; then they will, in gen- 
eral, pass one or more at a time, through the value zero. At the instant of such 
passage of any one of the quantities three of the partial products disappear. 
Does that vitiate the multiplication ? Similarly let a, ... , y vary. Now, 1°, their 
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tensors can change while their directions remain constant, giving precisely the 
same results as with a, . . . ,c', and, 2°, their directions can change while the 
tensors are constant. In this case among the infinite number of sets of simul- 
taneous values a certain comparatively small number will cause one or more 
partial products to vanish because of parallelism. Why should this form a 
valid objection to this kind of multiplication? 3°. Both lengths and direc- 
tions of the vectors may change, which simply combines the two previous 
results. It appears then that we do have in Grassmann's system a perfectly 
general and complete distributive product. 

At the bottom of p. 77 it is asserted that " as a consequence of not treating 
together the two complementary parts of the product of two vectors, Grass- 
mann and his followers have restricted their attention to associative products '' 
(Italics mine). The fact is that Grassmann's multiplication is only partially 
associative : what he calls progressive and regressive products are such, but 
mixed products are not. Thus, if ^ be a point, and L^ and L^ be point-vectors 
(fixed in position), then pLi . L^ is not the same as p . I^L^, in either two or three 
dimensional space. In the same place it is said " that is a very arbitrary prin- 
ciple which holds that all the terms into which two similar directions enter 
must vanish." It is difficult to see in this anything more arbitrary than in the 
assumption that the product of a vector by itself should be the square of its 
tensor. Grassmann's result is obtained by the most natural and reasonable 
extension of the idea of the square of a scalar, and represents perfectly the 
fact that if a cell with four equal sides be closed up by making two opposite 
angles zero and the other two each 180°, the enclosed area vanishes. 

Towards the bottom of p. 71 occurs the following remark : " This kind 
of product, in which the factors are vectors, has in recent times been generally 
neglected." A statement is then quoted from Clifford to the effect that in any 
product all factors but the last are operators. Now the combinatory products 
of Grassmann are essentially of the kind spoken of by the Author as neglected, 
a j8 being the product of the two independent vectors a and ^ , and not at all 
the operation a on /9, and so for all products. 

Let us now consider the claim of the Author to have devised " a more 
complete algebra which unifies Quaternions, Grassmann's method, and Deter- 
minants." We have already seen that Grassmann's products have the com- 
plete distributive quality as much as Professor Macfarlane's ; we will now look 
at the two systems from a geometric standpoint. To be sure, our Author styles 
his work the " Algebra of Physics ; " but what do we treat in Physics by 
means of our equations but the geometric relations of the quantities involved ? 
Now, there enter into Grassmann's system all the geometric quantities that 
exist, as the point, fixed line, fixed plane, line-direction, and plane-direction 
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for three-dimensional space, and similarly for space of four, five, or n dimen- 
sions; and we have a complete system of geometric multiplication involving 
all of these, which adapts the method wonderfully to the purposes of geometry. 
In the proposed system we have only the line direction as in Quaternions, 
which is to be supplemented by the notation ^ . i'' f or a fixed line, A and F 
being simply directed lines, or vectors. Now, of course, we can if we choose 
regard this as meaning that A is drawn out from some fixed point, and then t 
through the end of it ; but is it quite logical to combine two things, of which 
neither is fixed in position, and call the combination & fixed vector? In the 
Ausdehnnngslehre, on the contrary, /> is a definite point whose multiplication 
into the definite direction s make the definite line ps through p in the direc- 
tion £ ; and this line we may, and do constantly, represent by a single letter as 
L, using either notation as may be convenient. The expression A . Fis thus 
used to designate the same thing as pe, but can p therefore be properly said to 
be "equivalent "to A, as stated on p. 80? It is equivalent only in use, not in 
meaning ; in the one case one quantity having only length and directioii is 
arbitrai-ily used to fix in position another quantity having the same qualities, 
while in the other the idea of position in p is combined with those of direction 
and length in e. It is difficult to see how such a notation could be used with 
any facility in treating of the screws, and wrenches, and twists of Professor 
Ball ; while Grassmann's system works to perfection in this field. 

Now, in view of these facts, can the proposed system be regarded as more 
complete than Grassmann's, even with reference only to three-dimensional 
space? What is done, as regards the product of two vectors, is simply to 
take as the, so-called, complete product the sum of Grassmann's outer and 
inner products, a complex expression, since one of these quantities is scalar 
and the other directed. The complexity is not practically helped by regarding 
the scalar part as having an indefinite axis, as is done by Professor Macfarlane, 
though it may be a relief to one's intellectual scruples. In the case of three 
or more vectors the results are far more complex, and seem to me to be of 
little utility. I am obliged to confess that the Author's arguments fail to con- 
vince me of the necessity or desirability of using this " complete " product. 
He says on p. 76, " The works of Hamilton and Tait make it abundantly evi- 
dent that the quaternion idea is essential to the algebraic treatment of Spheri- 
cal Trigonometry and of rotation." It is certainly true that the use of the 
" quaternion idea," i. e. the versor, or ratio of two vectors, simply as a versor, 
or turner, is convenient in treating rotations ; but this can be done equally 
well with Grassmann' system as with Hamilton's or with-Professor Macfarlane's, 
and does not at all involve the necessity of niaking the product of two or more 
vectors complex. Further, all the fundamental formulae of Spherical Trigo- 
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nometry are derived with the utmost ease by Grasstnann's methods without 
using the versor, as well as those of Plane Trigonometry except De Moivre's ; 
though there is no particular practical advantage in so doing, because 
students rarely, it ever, study directional algebra till they have mastered 
Trigonometry. 

Another word with reference to point analysis. Professor Macfarlane 
uses the equation ^2 ^=Pi -|- ^ to show that Grassmann's system involves het- 
erogeneous equations, and argues that, if s is a vector, p^ and p^ must be vec- 
tors also, so that the point-analysis becomes really a vector-analysis. (See 
p. 79.) The fact is, the case is just the other way, and £ is a point, viz. a point 
of zero weight at 00 , and is always to be so regarded when it appears in an 
equation with points. 

Now what do we know about such a zero point at co ? Simply its direc- 
tion, and the fact that it changes the position of the mean point of any system 
of points to which it may be added by a certain definite distance in its own 
direction, on account of its infinite arm. This distance in a definite direction 
is the essence of a vector, which assigns the reason for frequently calling p^ a 
vector. 

We have a precisely similar thing in forces and couples. A couple is 
simply the sum of two forces equal in magnitude, parallel, and opposite ; it 
must thus be of the same kind, and is, in fact, a zero force at co , arrd yet it 
appears as of two dimensions when regarded simply as a couple. 

Arguing in the same line (p. 79) the Author says, "From the physical 
poiht of view it is more correct to treat of a mass-vector than of a point having 
weight ; for the differential coefficient with respect to time of a mass- vector is 
the momentum, which is itself a mass- vector. If the latter is of one dimension 
in length so is the former. The product of a point and a mass is not a physi- 
cal idea." But the differential coefficient with respect to time of a weighted 
point is likewise the momentum, the differential of a point being always a vec- 
tor, and the argument falls to the ground. As to the product of a point and a 
mass not being a physical idea ; we certainly deal in physics with masses sit- 
uated at points, and why should not the combination of the two be regarded 
as a product as much as the combination of a length and a direction ? 

Towards the bottom of p. 87 the Author makes the following statement : 
"By the complementary vector (Fig. 12) of J. with respect to £, Grassmann 
means the vector which has the same magnitude as A and is drawn perpendic- 
ular to A in the plane of A and JS." This is certainly a mistake. There is no 
such thing as a line-vector complementary to a line-vector in Grassmann's 
system in space of higher dimensions than two. In three-dimensional space, 
which is here under consideration, the complement of a vector is a perpendic- 
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ular plane-vector whose tensor (area) is equal numerically to the tensor (length) 
of the vector, which is a very different conception. The vector is of one dimen- 
sion, its complement is of twoi This brings out again the fact that only line- 
vectors enter into Hamilton's or Macfarlane's systems, whereas in four-dimen- 
sional space we should have solid-vectors, as well as plane-vectors, and so on 
for spaces of higher orders. To be consistent with his own notation Professor 
Macfarlane should write ij =^k instead of ij = k, etc., thus avoiding an appar- 
ent heterogeneity. 

In view of what has been adduced it appears to me that Professor Mac- 
farlane's claims for his method can not be regarded as valid. He has shown 
conclusively, in my judgment, that the combination of the vector and the ver- 
sor in one and the same symbol, as was done by Hamilton, is neither necessary 
nor desirable, and has worked out a consistent system without that combina- 
tion, treating separately product and ratio (quaternion) quantities, which may 
be regarded as an improvement on Hamilton's method ; but, in the opinion of 
the writer of this article, the methods of the Ausdehnungslehre so far excel 
those of Quaternions in completeness, generality, simplicity, and ease of inter- 
pretation and application, especially in geometry, but also in the realm of 
physics, that no idea of unifying the two can possibly be entertained. 



